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ABSTRACT: Approximate lattice model treatments of the energies of mixing and coexistence curves of polymer
solutions and melts are compared against Monte Carlo simulations of these properties for the same lattice
model. Because the comparisons do not involve adjustable parameters, they represent stringent tests of lattice
theories of polymer fluids. The theories considered are those due to Flory, Huggins, and Guggenheim and
the recent cluster theory of Freed and co-workers. A new purely algebraic derivation of the latter method,
briefly sketched previously, is provided, and additional calculations are performed to extend and correct prior
results for polymer solutions, melts, and incompressible blends. The comparison with Monte Carlo simulations
for the polymer-solvent (or isomorphic polymer-void) system shows the present cluster theory to produce
the most accurate treatment of the energies of mixing and coexistence curves for this system. Given this
good agreement between the lattice cluster theory and Monte Carlo calculations for the same lattice model,
cluster theory computations are provided for the exhibition of the predicted strong variation of these

thermodynamic properties with monomer and solvent molecular structures.

1. Introduction

Theoretical descriptions of thermodynamic properties
of polymer blends, melts, and concentrated solutions
require the introduction of models to capture the salient
physical features of these complicated fluids.12 For
instance, the exact monomer-monomer and monomer—
solvent interaction potentials are not known, and con-
sequently idealized models are introduced. These models
may, for example, use pairwise additive monomer-
monomer and monomer-solvent interactions, while in
reality such interactions most likely contain nonpair-
wise additive and highly orientation-dependent con-
tributions. Alternative models place monomers and solvent
molecules on a lattice. Despite the simplifying nature of
these models, the statistical mechanical treatment of even
these idealized models of polymeric fluids is very com-
plicated, and, therefore, approximations are required. The
necessity for approximations leads to difficulties in
comparing theoretical predictions with experimental data:
First of all, it is possible that the exact solution of a model
would adequately represent the data but that the ap-
proximations used in treating the model introduce
inaccuracies, which result in poor agreement with
experiment. It is also possible that the combination of an
inadequate model with approximations in its solution could
produce predictions that are in fortuitous accord with
experiment. Evidently, the interpretation of the accuracy
of a model and its implications for the interpretation of
experimental data require the differentiation between the
quality of the statistical mechanical model and the quality
of the mathematical solution of that model.

It is useful to recognize the difference between statistical
mechanical models, which are defined by an explicit
representation for the configurational potential energy (or
its equivalent), and the wider class of phenomenological
models34 for which some parameters cannot be evaluated
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from the configurational energy of the model. The former
have, in principle, exact solutions, which may be compared
with Monte Carlo simulations of the identical model while
the latter cannot. Monte Carlo simulations continue to
be extremely useful in testing the accuracy of approximate
treatments of statistical mechanical models and thereby
in paving the way toward improved approximations.
Subsequent comparisons with experiment indicate the
limitations inherent in the modeis and thereby enable the
generation of improved models.

A previous paper by Madden et al.’ employs Monte Carlo
simulations of lattice polymer—solvent systems to assess
the accuracy of approximate solutions of the same model
by Pesci and Freed57 for describing the internal energies
of mixing and the coexistence curves. The Pesci-Freed®
calculations solve the standard lattice model of interacting
polymer—solvent systems by using a double expansion in
powers of z71, where z is the lattice coordination number,
and of ¢/kT, where ¢ is the effective polymer—solvent
interaction energy [see (2.1) below] and kT is the thermal
energy. Their calculations of the order of ¢/kT con-
tribution (the first-order energy) are in good agreement
with the Monte Carlo computations, while inaccuracies
appear in higher order contributions in ¢/2T. Despite the
accuracy of the first-order energy and that of the ather-
mal entropy of mixing (as previously demonstrated by
comparisons with Monte Carlo calculations of Dickman
and Hall®), the Pesci—Freed computations provide a rather
poor representation of the coexistence curve, and this has
led to a reinvestigation of the approximations inherent in
the analytical cluster expansion computations.

The theory of corrections to the classic Flory—Huggins
approximation®10 for the lattice model of interacting
polymer-solvent systems represents the corrections in
terms of a cluster expansion that bears strong similarities
to that of Mayer for the description of nonideal gases.!!
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The coefficients of individual powers of z7! have con-
tributions from several Mayer-like cluster diagrams, and
Pesci-Freed have retained only the leading portion of these
diagrams in an additional expansion in inverse powers of
the polymerization index M. While the errors so incurred
in the athermal limit for the energy of mixing are of the
expected order of a few percent, subtle cancellations
between leading and subdominant terms in M from
different diagrams produce gross inaccuracies in small
chemical potentials and hence in the computed coexistence
curve.

Lattice model calculations are performed here for the
first-order energy through order z-2 corrections, for the
second-order energy through order z71 corrections, and for
the leading third- and fourth-order energies, without the
use of any simplifying additional approximations. The
calculations are made for hypercubic lattices in d
dimensions for which z = 2d. Treatment of other lattices
is possible, and the interesting case of d = 2 may converge
more slowly and therefore require additional terms in the
z7! expansion. The present lattice cluster theory cal-
culations display improved agreement with the d = 3
Monte Carlo simulations, and the first-order energies are
numerically quite close to the energy produced by the
Guggenheim random-mixing (GRM) approximation3!2 (as
are the mixing entropies). The coexistence curves obtained
from the first-order (in ¢) cluster theory and GRM are
likewise now in close agreement, but both have significant
differences with the simulations. The origins of these
differences are investigat.d here within the cluster
expansions by computing the first correction (in the 2!
expansion) to the order ¢ contributions along with the
leading parts of the ¢ and ¢ order terms in the energy of
mixing,

Because of the accurate agreement between the present
theory and the Monte Carlo simulations for the same
model, we also provide theoretical computations of the role
of monomer and solvent structure on both the energies of
mixing and coexistence curves. Whereas the available
Monte Carlo simulations are currently limited to linear-
chain models of both the polymer and solvent molecules,
the lattice theory formulation applies to a wide variety of
models in which the monomers and/or the solvent
molecules are allowed to have internal structures with a
particular architecture and therefore to occupy several
neighboring lattice sites. Thus, we apply the lattice theory
in an investigation of the thermodynamic implications of
monomer and solvent molecular structure.

Section 2 provides an algebraic derivation of the cluster
expansion for packing entropies that is only briefly outlined
in the review by Freed and Bawendi.’® The algebraic
derivation of the van der Waals interaction energies is
developed here for the first time and provides several
simplifications in the derivation of diagram rules and in
the computational scheme that is described in more detail
in the Appendix. Particular focus is placed on the
treatment of the leading order ¢3 and «* contributions, which
are first evaluated here. Results are provided for the order
27! corrections to the 2 terms, but the lengthy calcula-
tional details will be presented elsewhere. Some discussion
is provided of the subtle cancellation of terms between and
within the energy diagrams. While the Monte Carlo
simulations pertain to the polymer-solvent (or polymer-
void) system, the analytical expressions are presented both
for this system and for the incompressible binary polymer
blend, since the former system merely follows as a special
case of the latter. A detailed description of the blends is
likewise left for a future work. Section 4 presents the
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comparisons between the cluster theory, earlier
approximations to the standard lattice model, and the
Monte Carlo calculations for energies of mixing and for
coexistence curves. The details of the Monte Carlo
simulation methods are thoroughly described in ref 5 and
references therein along with the simulation data and tests
of the pseudokinetic method used. Thus, we merely quote
the simulation data in our tests of the various theories.
We also use the cluster theory here to consider the variation
in thermodynamic quantities that arises for polymers with
structured monomers and/or structured solvent molecules.

2. Lattice Model and Cluster Expansion for
Packing Entropies

The standard lattice model takes monomers and solvent
molecules to lie at the point sites of a regular array. Each
lattice site may be occupied by either a monomer or a
solvent molecule, and there is a strict prohibition against
multiple occupancy of a lattice site. The polymer chains
are represented by sequences of N — 1 bonds between the
consecutive monomers on the chains. Lattice sites have
z nearest neighbors, giving z possible directions for the
bonds emanating from a given lattice site. van der Waals
attractive energies epp, €, and ep, are present between
nearest-neighbor monomers, solvent molecules, and
monomer-solvent pairs. For the purposes of comparison
with Monte Carlo calculations, all lattice sites are taken
to be occupied, and consequently there is but a single
interaction energy ¢ that appears in excess thermodynamic
properties.4

€= (epp +e,— 2eps) 2.1)

More generally, it is possible to allow the system to be
compressible and model the free volume by the presence
of lattice sites that are unoccupied by either monomers
or solvent molecules, and this generalization will be
considered in future work as it is necessary to describe
equations of state of, for instance, polymer blends.

Nemirovsky et al.1% have introduced a generalization of
this standard lattice model in which the individual
monomers (and/or solvent molecules) have detailed
structures, so each monomer (and/or solvent molecule)
occupies several lattice sites, where the submonomer units
on different lattice sites are connected by flexible bonds
as depicted in Figure 1. Such a generalization more
faithfully represents the actual molecular structure.
However, simple approximations to the lattice model, such
as the classic Flory-Huggins approximation, do not
distinguish between the different chain architectures
depicted in Figure 1, and consequently this generalized
model is useful if sufficient corrections are appended to
the Flory—Huggins approximation.%!® These corrections
may be evaluated by using the cluster expansion methods
described briefly below and in previous references.15-17
Since the Monte Carlo simulations are currently available
for linear-chain models of the polymer, we continue to
discuss the cluster expansion method with reference to
linear-chain polymers and solvent molecules that each
occupy a single lattice site, but the final results are quoted
in a general form that is applicable to arbitrary chain
architectures. In fact, the calculations are performed quite
generally for an incompressible blend of two different
polymers of arbitrary architectures. The polymer-
solvent system is but a special limit of a blend in which
one of the chains is quite short. A given chain architecture
may be represented by a linear sequence or a complicated
branching pattern in which the monomers have specified
structures. However, all chains of a given architecture are
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Figure 1. Sample of four polymer architectures. Structures
(a)—(c) represent three different polymer chains with the same
segment number M = 20 but different architectures and different
number N of bonds in the chain backbone. Structures (a)-(c)
have N = 19, 10, and 7, respectively. Chains are drawn in two
dimensions, for simplicity. A circle with crossed bars designates
that there are two bonds emanating from the site in opposite
directions, perpendicular to the plane of the figure. Structure
(d) is a more sparsely branched version of (b) and is displayed
here for M = 19 and N = 12.

considered to have the same bonding topology and not to
have small closed loops. Treating such irregular structured
chains (or lightly cross-linked networks) requires only the
specification of certain counting indices, described below.

The original derivation®17 of the cluster expansion for
corrections to the Flory-Huggins approximation uses field
theoretic methods, which are generally unfamiliar to
polymer scientists. Recent work by Freed and Bawendi!3
briefly sketches the beginnings of a new derivation
employing familiar mathematical methods. Below we
provide a more detailed version of the formulation that
extends well beyond the sketch previously given.

A. Analytic Representation of the Lattice Model.
To introduce some notation, let ag, 8 = 1, ..., z designate
the vectors from a given lattice site to the z nearest-
neighbor lattice sites and let r; denote the position of the
ith lattice site with respect to the origin of coordinates.
The condition that the lattice sites { and j are nearest
neighbors is just

r,=r;+a; forsomef=1,..z2 2.2)

Thus, the constraint that sites { and j are nearest neighbors
may be introduced by use of the Kronecker delta

6(r,-,rj+aﬁ) =6(i,j+08) (2.2a)

where the right-hand side of (2.2a) is used as a shorthand
notation.

It is now straightforward to use the notation (2.2) in
representing the bonding constraints for a set of ny linear
polymers with N — 1 bonds each. The first bond on the
first chain enters into our counting scheme with the factor
of ¥ g,16(i11,i51+5:11), where the superscript labels the chain
number, the subscript labels the sequential monomer
numbering along the chain, and the bond in question may
be in any of the z different possible orientations. The next
bond has the obvious weight factor of 3_,16(i21,i5!+082!) with
the added excluded-volume constraint that sites i3! = i;!,
etc. Continuing this process for all bonds and all chains
and introducing a factor of (np!)~! to account for the
indistinguishability of all chains and the symmetry number
of 1/5 for each chain, the partition function for packing
np monodisperse linear polymers of polymerization index
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N is written as

W(n,N) =

N-1 z
1 > ﬁ{H > 80, ™8™ (23)

np!z"p illstigla. iyl  m=1 a=l g m=]
=i il HiNE
i e g = L HEIN

The complexity in evaluating (2.3), of course, stems from
the excluded-volume constraint on the summation that
prohibits any two monomers from occupying the same
lattice site. The excluded-volume constraint, i,™ # i,+1™,
between successively bonded monomers has been inserted
into (2.3) both for notational symmetry and for com-
putational reasons. The Kronecker delta functions in (2.3)
prohibit bonded monomers from occupying the same lattice
site. However, in the developments below, these strict
bonding constraints are only treated approximately, so the
imposition of the i, # i,+™ condition for all « and m
in (2.3) is then no longer redundant and ensures that
excluded-volume constraints are still preserved within the
approximation scheme. Equation 2.3 is an exact repre-
sentation of the lattice model for d-dimensional hyper-
cubic lattices in the athermal limit.

B. Exact Formal Solution and Flory-Huggins
Approximation. The Flory mean-field approximation
replaces the exact bonding constraints in (2.3) (the Kro-
necker delta functions) by crude averages.? In order to
extract this average (or mean-field) contribution and to
enable the systematic computation of corrections, it is
useful to transform (2.3) in a fashion that at first sight
might appear to make it look more complicated. To this
end, we now introduce for each Kronecker delta in (2.3)
the lattice identity

8(ij+8) = N1 D_ expliq:(r;-r;-ap)]  (2.4)
q

where N, is the number of lattice sites and the summation
runs over the first Brillouin zone. For instance, on three-
dimensional hypercubic lattices this Brillouin zone contains
the q vectors specified by ¢, = 27n,/a, and n, =0, 1, 2,
., N}1/3 -1, ete., for gy and g;. The ath bond on the mth
chain thus involves the wave vector summation index q,™.

Since there are z possible directions 8 for each bond,
the sum over 8 of (2.3) may be decomposed as

ooz .
D00 +8) = —A1+= D fl@) expliac(r;~ )l (25)
8

! 2 g0

where the q = 0 term is explicitly given by the first term
on the right-hand side of (2.5) and where f(q) is the nearest-
neighbor structure factor

fl@) =D exp(-iqa) (2.6)
g=1

Using (2.5) for each Kronecker delta in (2.3) converts the

latter into
501G
> M1i(2)

np!2"'° il .. it m=1 a=1

1
{1 +- Z f(a,™) expliq,™(r, ™ - r,-m"')]; (2.7

zqa’"#o

Win,N) =

which is another exact algebraic representation of the n,
polymer packing problem. The product over « and m in
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(2.7) is of the form

"p

Win,N) = [—(1 + X |

{2.8a)

with each polymer bond a,m providing the correlation term

'2 Plst.. mint m=1

1
Xom=- D fla,™) explia,™(r," - r, ™ (2.8b)

2 a at

q,"#0
As discussed below, the product form of (2.8) naturally
generates a cluster expansion in much the same way as
in Mayer’s cluster expansion for the statistical mechanics
of nonideal gases.1!
The leading contribution arises from the factor of unity

in (2.8a) for each o and m and yields the mean-field

approximation
n,  N-
H H( ) (2.9)

'2 P il inte m=1

WMF(np,N) =

The summand in (2.9) no longer depends on the monomer
positions (the r; ™), and thus (2.9) corresponds to Flory’s
approximation in which all monomer correlations, due to
the contributions to (2.7) from the f(q,™) terms, are ignored.
Because of this absence of correlations, the summation in
(2.9) is readily evaluated as

N} o(N-
1 ’ (i) Y (2.10)
np!2"*’ (Nl - an! N[

Equation 2.10 recovers the classic Flory~Huggins combi-
natorial packing entropy for the n, polymers, while its
generalization to blends provides the corresponding Flory-
Huggins entropy for this system.!® The remaining terms
from the cluster expansion in (2.7), therefore, produce the
corrections to the Flory-Huggins approximation as arising
from correlations, neglected entirely by Flory,? between
the placement of monomers and bonds on the lattice.

C. Cluster Expansion for Packing Entropies. The
quantities X, in (2.8b) depend on the explicit positions
of the two segments forming the ath bond on the mth
polymer chain, and thus the X, represent the corrections
arising from correlations in monomer positions. Expanding
the product in (2.8a) leads to a cluster expansion of the
form

WMF(n,N) =

1+Zx + D) XypXgw+.o (21D

a,m>a’,m’

where the desngnatlon a,m > o’,m’ indicates that the
summation in (2.11) runs over all distinct pairs of bonds.
The linear terms in X, are called the one-bond con-
tributions; the quadratic are the two-bond contributions,
etc. When substituted into (2.7), the leading term of unity
in (2.11) generates the leading, Flory approximation of
(2.10), while the remainder of (2.11) produces, respectively,
the correlated one-bond, two-bond, ... contributions to the
cluster expansion. The summation over distinct lattice
sites in (2.7) runs over those lattice sites connected by the
correlating bonds, as indicated in the summation indices
of (2.11), along with the remaining lattice sites, which are
either unoccupied or have uncorrelated monomers.
Summation over vacant or uncorrelated sites is trivial and
gives a combinatorial factor of [(N, - ny)!]/[(N; - npN)!],
where n, is the number of lattice sites connected by the
correlating bonds [i.e., associated with the summation
indices a,m, o’,m’, ... in (2.11)]). For instance, the Flory
term has n, = 0, and the sum involves the restriction to
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Figure 2. Diagrams used to calculate entropic corrections to
Flory-Huggins packing entropy of linear chains to order z2 and
N,. The symbols used in the diagramatic expansion follow those
from refs 15 and 18. Additional diagrams corresponding to
branched chains can be found in ref 15.

i11#...#inw. Likewise, when (2.11) is inserted into (2.8a),
each one-bond contribution (i.e., each X, ) contributes
identically, so the summation Y, in the resultant
equation yields the number of bonds ny(N - 1) in the
system. The next summation 3, m>«~ again has identical
contributions from all pairs of bonds, but the value of the
summation over the ;™ depends on whether the bonds lie
on the same or different chains. The resulting cluster
expansion for the partition function {2.7) is identical with
the one derived previously!817 by using more lengthy and
less familiar field theoretic methods.

The lattice polymer packing entropy cluster expansion
is depicted diagrammatically in Figure 2, where straight
lines represent the correlating bonds. Diagram A of Figure
2 corresponds to the one-bond contribution from (2.11)
and (2.7), while diagrams B-D are the two-bond terms. The
two correlating bonds in D lie on different polymer chains,
and those in B lie sequentially along a single polymer chain,
while those in C lie nonsequentially along one chain (with
one or more uncorrelated intervening monomers). Some
three- and four-bond diagrams for linear chains are also
presented in Figure 2. The rules for constructing the
diagrams and evaluating their contributions are
summarized in Nemirovsky et al.15 and references therein,
so they are not repeated here. In addition, Nemirovsky
et al. describe how the theory can be generalized to
branched polymer architectures, composed of structured
monomers. The details are not repeated here, except as
necessary to evaluate some new energy contributions.
Although Nemirovsky et al. provide the structured
monomer generalization using field theoretic methods, they
can more easily be obtained with the current algebraic
approach. For instance, a solvent molecule structure with
one central unit connected by flexible bonds to four other
units contributes to the partition function a factor of

4 z
ST e @12

Pl g ig=ly a=l B,=1

W(l,tetra) =

with extension to the structures in Figure 1 rather
straightforward.

Bawendi et al.l7 explain that the packing cluster
expansion given diagrammatically in Figure 2 can be
represented as a series expansion in z71, where the
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evaluation of contributions through order z™» requires
retention of all diagrams having up to 2n bonds. Branched
structures, such as those in Figure 1, may be distinguished
from linear ones by considering at least three correlating
bonds that meet at a common junction. Thus, we perform
the packing calculations to order 272 to include the leading
contributions distinguishing monomer architectures.
Comparisons of computed packing entropies to order 272
for linear chains are found to agree well with Monte Carlo
simulations,® and similar comparisons for branched
structures are desirable. Unfortunately, branching
probably leads to greater complexity in some simulation
methods.

Packing entropies of athermal limit polymers are
obtained from the Boltzmann definition

S(n,N) = k In W(n,N) = kIn WM (n N) +
kln {1+ D vpDg] (2.13)
B

where the notation of Nemirovsky et al. is employed to
represent the corrections to the Flory~Huggins approx-
imation in terms of a summation of contributions from
cluster diagrams. Each diagram contains B correlating
bonds, and its value may be decomposed into the product
of a monomer structure-dependent combinatorial factor,
vp, and a monomer structure-independent diagram value,
Dp. Rules for computing these quantities are given in
previous papers and are discussed below in reference to
the evaluation of the new energy contributions. In the left-
most term in (2.13) it is understood that the logarithm is
expanded in a Taylor series, whose contributions are
collected into cumulants.!319 This process is necessary in
order to handle the following perverse character of the
lattice polymer cluster expansion: Diagrams D, F, G, etc.
of Figure 2 are disconnected diagrams, which contain two
sets of correlating bonds that are unconnected by
correlating bonds. In contrast to the majority of other
cluster expansions, the value of these disconnected
diagrams is not related to the products of the values of
the disconnected portions, in part because of the excluded-
volume constraints on the summation of (2.7) requiring
that all monomers in the disconnected diagram fragments
lie on distinct lattice sites. The construction of cumu-
lants serves to cancel all higher than extensive con-
tributions, leaving only an extensive free energy.

The expansion of the packing entropy to order z2 is
given by Bawendi and Freed!® for linear polymer-
solvent and linear polymer-polymer systems, but the
extension to structured monomers in ref 6 contains the
errors noted in the introductioin. Hence, the corrected
expressions for the athermal limiting entropy of mixing,
AS.mix, for incompressible two-component systems are
given in Table I. These expressions apply to polymer
blends, to polymer—solvent systems, and to binary mixtures
of small-molecule liquids. Monomers and solvent
molecules may have structures that cover several lattice
sites. In order to conform to the notation of Nemirovsky
et al.15 describing structured monomers, the chains are now
taken to have N bonds along the chain backbone and to
cover M lattice sites per chain. The structure de-
pendence in Table I enters through the combinatorial
numbers N;\¥ that describe the architecture of species 1.
Values of the N;® for polymers with the structures in Figure
1 are presented in Table I of Nemirovsky et al., while
generalization to other architectures results from the
definitions of the N;¥ as follows: N; is the number of
sequential sets of i bonds in a polymer that covers M sites;
N, is the number of nonsequential sets of i and j bonds,
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Table 1
Noncombinatorial Athermal Limit of Entropy of Mixing for
a Binary Incompressible Blend (¢ + ¢2 = 1)*

mix ¢l1 ¢2l ey
-AS - - n
- Tu " ?

M, 1 1 L
=AM ) Ate ) At+elA
=-4, ( it it éApl
kN $1¢ z 2*

=2 i=13

A= N(1,1) -~ NQ1,2)

Ag = —44,[N(2,1) - N(2,2)]

Az = Az = (8/3)(A)?

Aq = 8(41)°N(1,2)

Ap = -24,[N(3,1) - N(3,2)]

Ag = [N(2,1) - N(2,2))2

Aq = =24A,{[N(1,2;1) - N(1,)N(2,1)M;] - [N(1,2;2) -N(1,2)N(2,2)M,}]

Ag= Ay = Ap = 2(A)*

Ay = 4[A,N(1,2)]2

A = 8(A1)?N(1,1)N(1,2)

Ay = 24,[[N(L]) + N(1,2)]£N(1,1;1) - NQL,1)*M,] -
2N(1,2)[N(1,1;2) - N(1,2)°M,]}

A = -84;[N(L,1) - N(1,2)}

A = (AD(AY)

Ae = 2(4D%[N(Q1,11) - N(1,1)2M;] - [N(1,1;2) - N(1,2)’M,}]

8 N(e,l) = N,D/My, 1 =1 and 2; N(a,8;1) = Nos®/Mi, I = 1 and 2.
Table II

Noncombinatorial Athermal Limit of Entropy of Mixing for
a Polymer-Void (Solvent) System*

i @
-AS ™ - —ln¢-(1-¢)In(1-
Mn¢ (1-¢)In $)

EN (1~ ¢)

1 1< 12
A+ —[ZA,. + ¢2Ai +¢%A,,]
z 2= =10

A1 = N(I)

A2 = "4A1N(2)

Az = Ay = (8/3)(4))3

A4 = "2A1N(3)

As = [N(2)]?

Ag = —24;[N(12) - N()N(2)M]

A7 =An = A = 2(A))*

Ag = Aj = 2(A1)?[N(11) - [N(1)]2M]
Ag = —6A1N(_L)

o N(a) = Na/M; N(af) = Nog/ M.

N is the number of ways in which three bonds meet at
a lattice site for a polymer chain, etc. (The definitions of
N;;in ref 15 do not include the symmetry number of 1/,
which is, however, properly included in the calculated
entropies in that paper. Thus, we follow the convention
of ref 15 for the IV;;.) These structure-specific combina-
torial indices are readily evaluated for polymers or solvent
molecules with regular repeating or rather irregular
architectures. Absolute athermal limit entropies may be
obtained from Table I by adding ¢151 + @283, where s; =
si(¢;=1) is the specific entropy of pure component i at unit
volume fraction ¢; that is obtained from Nemirovsky et
al. with a minor typographical correction and replacing
diagrams o and q in Figure 6 of ref 15 by one diagram.

The special case of a polymer solution follows from Table
I and results given below by letting M, become small. For
the sake of explicit comparisons with Monte Carlo
simulations, the limit in which each solvent molecule
occupies a single lattice site follows as M3 = 1 and all N;@
= N;;? = 0. The resultant athermal entropy of mixing
is provided in Table II. Note that Tables I and II explain
the existence of entropic contributions to the Flory x
parameter that have entered into previous theories of
polymer fluids only as an empirical parameter of uncertain
molecular origins. Thus, Tables I and II enable the study



4808 Dudowicz et al.

of the relationship between polymer and solvent structure
to the properties of this entropic x for both concentrated
polymer solutions and blends. A recent application of the
lattice cluster theory considers the cross-link density
dependence of x for swollen polymer networks.2? We now
turn to a consideration of the energetic contributions that
are also present in general polymeric fluids.

3. Interaction Energies

As is well-know, the actual interactions in polymer fluids
involve both short-range repulsions (which are modeled
in Section 2 by the excluded-volume constraints) and longer
range attractive interactions. This section considers the
introduction of the latter interactions into the lattice model.
Let ex// = e be a shorthand notation representing the van
der Waals attractive energies (in units of kT) that apply
when beads of species k and [ occupy nearest-neighbor sites
i and j on the lattice. Given this notation, the total
interaction energy may be written as

Z

exp( D )= [] (14D oGi+6)f.]

€8S, jES ieSjes; g=1
(3.1

where fi; is the Mayer f function

fr = expley) -1 (3.2)

for the interaction between lattice sites occupied by species
k and [ and S; designates the set of lattice sites occupied
by segments of polymer of species k, etc. The partition
function, Z(np,N), for the interacting system is obtained
by multiplying the right-hand side of (2.3) by the right-
hand side of (3.1). The general multicomponent case
requires cumbersome bookkeeping, so the final result is
presented for the simple case of the polymer-solvent or
polymer-void system in which we may use the single
effective interaction parameter of (2.1). When S is taken
to designate the set of lattice sites {1 ... %iy" that are
occupied by polymers, this result is

1 np N-1 z
ITIT 2 st i+
np12™ iyl iyt m=1 a=1 gm =1
8. exp(D_é%) (3.3)
i>jeS

The sum over i and j in (3.3) consequently runs over all
pairs of lattice sites that are occupied by polymers. Hence,
the summation indices in the exponent portion of (3.3) are
connected to the overall ones that also appear in the “en-
tropic factor” arising from (2.3).

Z(n,N) =

The Helmholtz free energy, F(n,,N), is obtained from
the partition function, Z(n,,N), through

F(n,N) =-kT In Z(n,,N) (3.4)

and the free energy of mixing AF®™ix(n, N) = F(np,N) -
¢1F1 — ¢oF 3 and the internal energy of mixing AE™i(n, N)
= g[AF™ix(n,,N)/kT]/9[(kT)™] are evaluated in the usual
manner. Likewise, all other thermodynamic properties
may be evaluated from the free energy.

A. Cluster Expansion. The transformation (2.4) may
be applied to all the Kronecker delta functions in Z(n,,N),
and the entropic factor is therefore converted into (2.7).
The interaction energy in (3.1) is first expanded in the usual
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Figure 3. First-order ¢ diagrams used to calculate lowest order
corrections in ¢/kT to Flory-Huggins (mean-field) free energy.
Only the first few diagrams are shown as illustration. Following
ref 6, curved lines represent the interactions and straight lines
represent the correlating bonds.

Mayer expansion

[T+ ié(i,ﬁﬁ)fu] =1+ Z D b j+By +
1

> 8= =1 i>j

D 8 +B) 86+ fufyy + - (35)
BE=1i>j=0>]

Terms in (3.5) are represented diagrammatically by curved
lines to distinguish these interaction lines from the
correlating bonds of section 2. The diagrammatic
representation of the partition function Z(ny,N) therefore
may contain both correlating bonds and interaction lines.
As described in refs 6 and 18, the rules for the correlating
bonds and interaction lines are quite similar, except that
the factors associated with correlating bonds have sums
over q,™ = 0, while when the identity (2.4) is inserted into
individual terms of the expansion (3.5), the interaction lines
also contain the g = 0 contributions of z/N) from (2.5).
It is possible to exploit the compact methods for evaluating
these mixed entropy-energy diagrams by following ref 6
and separating the ¢ = 0 from the q # 0 contributions
from the interaction lines. As described in ref 6, the q =
0 portions cancel extensively among the diagrams and only
produce the Flory-Huggins interaction energy, while the
q # 0 terms provide the corrections to Flory—Huggins. The
evaluation of the q # 0 parts of the mixed entropy-
energy diagrams follows just as for the entropy diagrams
apart from the appearance of additional diagrams that have
no counterpart in the cluster expansion for athermal limit
packing entropies (for example, diagrams D and H of
Figure 3). The diagram rules and methods of evaluation
emerge just as in ref 6, but here we do not employ the large
M approximation to individual diagrams in order to
maintain all cancellations. Some of the technical details
of these cancellations and of the evaluation of higher terms
in the Mayer expansion (3.5) are provided in the Appendix.
B. Results for Polymer Solutions and Blends.
Table III presents the free energy and internal energy of
mixing for an incompressible binary blend composed of
polymers with arbitrary architectures. The table contains
the same Nemirovsky et al. counting indices that appear



Macromolecules, Vol. 23, No. 22, 1990

Table III
Free Energy of Mixing and Internal Energy of Mixing for a
Binary Incompressible Blend (¢, + ¢; = 1)*

kTN’¢1¢2 ;A + Z ZB (1 = 5,) +

ki=1 m

A Snmix
kN, ¢,

AEmix 4 2

Ri=l m
=D iA+ YD BMa-s,+

ETN$0, “m helm

zi > c.®a-s,

ki=l m

Al = E
622
Ay=- 7 %1%
3
Ay =~ To019,(1-20))°
4
A==~ Z010,(1-66,09(30," - 30, +2)]
B,"™ = —<N(1,l)p, - iN(l,l)N(l,k)
B, = f[zN(z,z) + N@3,)) + 3N(L,D) + [NQ,2) -
N(LDN(2,HM|] - AN(LEIN(2,D]e,

B" =~ %N(l,l)[2N(1,l) + [N(LLD - N(L)YM 1 ¢,0,
B = - ZZSN(I,I)N(l,k)[N(l,l) + N(LE) - 2]¢,9,

B, = - EN(LINGL LR - INLDTM, 6

B =- i‘jnNu,ma - 3[N(LDIPN(L,k)]6/

2
€, = - EN(L),(1 - 26"
Co™h) = —2N(2,]) 2
C3th = —e2[N(1,1) Roi(1 - 3¢1) a2

2
c=- %[N(l,l;l) - (N(LDI*M)9,°
Cs = -3e2N(1,))N(1,]) /242

¢ The energy ¢ is expressed in units of k7. N(a,1) = N,/ M;i=1
and 2; N(a,81) =N, s9/M;, i =1 and 2.

in Table I for the athermal limit. Table III (as well as
Table IV and Appendix A) use the shorthand notation of
¢ to replace ¢/kT. The free energy of mixing is written
in the formal double expansion in ¢/kT and 2! as

A e+ +i (/kTY (3.6)
=—1In —In ae .
NiT M, M, &
All terms through order z-2 smaller than the leading Flory-
Huggins approximation are retained in the order «
contributions in Table III; those in ¢ contain the order
271 corrections to the leading extended mean-field (EMF)
term; while only the leading EMF contributions of orders
3 and ¢ are retained (Figure 4). The computations of the
latter two terms are new and are described in Appendix
A, which also elaborates on the algebraic derivation and
on the use of the diagrammatic techniques for the
interaction energies. The derivation of the z-! correction
to the ¢ terms is considerably more lengthy and will be
discussed elsewhere. Theories containing terms only
through order a, are called “nth order theories” below.
The special limit, where one component is a solvent

covering a single lattice site per molecule, is obtained from
Table III by setting My = 1 and all N;® = N;;® = 0. This
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Figure 4. Extended mean-field energy dxagrams (only those with
interaction lines) through order ¢!. The subscript designates the
order in the Mayer function f = exp(e) - 1. Also shown is a new
contracted diagram R of order z-3 that is required here [see (A.6)].

Table IV

Free Energy of Mixing and Internal Energy of Mixing for a
Polymer-Void (Solvent) System*

A8, mix
KTN(1- ) ;A * ZB * Z

i=] il kN ¢(1 ¢)

AEmix 4 . 4 4
TNeT s DA+ B+2Y G

=1 im] i=]

€

22
A, =—5¢(1—¢

A=

A, ———4»(1 o)1 - 2¢)*

A=~ Zs'“’(l - ®)[1-64(1 - $)(3¢7 - 3¢ + 2)]
By =-eN(1)(1-¢)
= 2[2N(2) + N(3) + 3N(L) + [N(12) - N(ON@M]}(1 - ¢)

B, = - EN@[2N() + [N1) - N1 MI}o(1 - )
B, = - XINQ)61- 9)
2
€, == SN~ 9)(1 - 26)*
Cs = ~EN(2)(L - ¢)?
Cs = -[N(1))%(1 - ¢)X(1 - 3¢)

2
Co=- 52—[N(11) - INIPMI(L - 9)°

@ The energy ¢ is expressed in units of kT. N(a) = N,/M, N(af)
= a,B/ M.

special case is presented in Table IV for direct comparison
with the Monte Carlo simulations.

4. Results for the Polymer-Solvent System and
Comparison with Monte Carlo Simulations

Before considering comparisons between theories of the
statistical thermodynamics of concentrated polymer
solutions, melts, and blends, it is essential to test the
accuracy of the approximations introduced in solving the
model chosen to represent the physical system. Evidently,
severe misinterpretations of the physics may arise from
not properly separating the errors inherent in the chosen
model from those made in obtaining approximate solutions
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Table V
Values of the ¢ # 0 Leading Terms of f2 and ¢ Diagrams (n < 4)*

diagram from Figure 4 symmetry factor s

dp factorbe value of q = 0 diagram?

A .
2
A 121
) &)
B; .
2
As 143/1
G &)
B; L
B
Cs !
2
D, .
3!
As 1\4/1
) ()
By 131
) (z)
Cs .
B)
Dq 121
& &)
Es 1y/1
()
F, .
2
Gq .
2l
H, .
4!
I
Rl
¢ diagram

sum of all 2 diagrams
sum of all ¢ diagrams
sum of all ¢ diagrams

Ry? Nip?fz/2
2Ry’ Nig'ftz/4
Ry’ -Nig*%2/2
16R3)’ Nigbfz/3
~4Rg3 -Nip%fz
Rgy’ Nigtfiz/2
2Ry’ Nip*fz/3
48R4y’ + 288R 4’ 3N¢%fz/8
-8Ry - 48Ris’ -3Ni'fz/2
2Re + 8Rag’ Nigbftz/2
2Ry’ + 10R4’ Nigbfiz/2
12Ry¢’ Nigbftz
-Ri - 2Reg’ Nigbftz/2
2R ~-Nig5fiz
~6R4 ~Nigbfiz/4
Ry + Reg’ -Nigif'z/4
Nigpez /2

Nip?(1- ¢)2e%z/4

Nig?(1 - ¢)*(1 - 2¢)%%2/12
Nig?(1 - ¢)*[1 - 6¢(1 - ¢)
(82~ 3¢ + 2)]e4z/48

¢ f=exple) - 1. ¢= Mny/Nj; M is the total number of lattice sites that a polymer chain occupies. ® Dg = dpa; a = [Ni{N; = 1)=(N; - ny = 1)]
and Dp represents the value of an entropy diagram with B bonds [see (2.13) and ref 15]. ¢ Only z7**! terms of the contracted diagram R,n are
necessary and therefore are retained. ¢ Only N;z terms are retained. Higher order terms in N; and in z are cancelled when forming cumu-
lants and when summing together diagrams with q = 0 contributions. ¢ Only the q = 0 term contributes to diagram A,.

to that model. Here we test the internal consistency of
several approximate solutions to the standard lattice model
by comparing lattice theory predictions with Monte Carlo
simulations for the identical system.2! These comparisons
involve no adjustable parameters, so the sole criterion for
the accuracy of the approaches is the degree to which they
reproduce the Monte Carlo data (within the statistical
uncertainty of the method). Details of the Monte Carlo
simulation methods as well as tests of its accuracy are
exhaustively presented in ref 5 and references cited therein.
Thus, the description of these methods is not repeated here.

Madden et al.? have compared the Pesci-Freed lattice
cluster theory calculations for linear polymers and single-
bead solvent molecules with the results of computer
simulation for the identical lattice model, the Flory lattice

theory (called Flory—Huggins theory in the literature), and
several versions of the Guggenheim lattice theory!? as
follows: The Guggenheim random-mixing theory (GRM)
is first order in ¢ and therefore does not include changes
in chain configurations induced by the van der Waals
interactions. The Guggenheim quasi-chemical (GQC)
approximation introduces some of these configuration
changes and is essentially a second-order theory.®* Madden
et al. show that the athermal free energy of mixing for the
cluster theory is nearly identical with that of the ather-
mal limit of the Guggenheim theory but distinctly different
from that of traditional Flory-Huggins theory. Though
Madden et al. present no computer simulations of this
quantity, earlier simulation studies by Dickman and Hall®
establish that the excess chemical potential of a single-
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bead solvent (the “pressure” in a lattice fluid model) is
much better represented by the Huggins-Miller22-
Guggenheim theory and by Freed’s lattice cluster theory
(to order 272), with the edge going to the cluster theory as
the length of the chains is increased. The ability of Dick-
man and Hall to distinguish between these theories
illustrates the important point that many thermodynamic
properties depend on derivatives of the free energy of
mixing and are thus quite sensitive to very subtle
differences in that quantity.

A. Energy of Mixing. Madden et al. also present a
direct determination of the first-order correction e, in the
internal energy of mixing

AEmix @ i
= ee/RTY (4.1)
leT i=1

for a linear polymer—single-bead solvent system as a
function of polymer volume fraction. These ¢; values are
related to the corresponding expansion of the free energy
of mixing of (3.6) by e; = ia;. The Guggenheim prediction
for e, = a; agrees well with the simulation data and nearly
as well with the Pesci~Freed prediction (calculated in the
M, = = limit). The standard Flory-Huggins prediction
for e, is found to be substantially poorer. Despite the
remarkable similarity between the Guggenheim theory and
Pesci-Freed calculations for the zeroth (ag) and first-
order (a;) terms in the expansion of the free energy of
mixing, the coexistence curves calculated from the
corresponding first-order theories agreed well only at high-
volume fractions. The Pesci-Freed coexistence curves are
found to be in very poor agreement with simulation (worse
than Flory-Huggins theory) near the critical point. This
had led Madden et al.5 to conclude that it is crucial to
include the full molecular weight dependence of all
diagrams to at least first order in the expansion in ¢, and
this has been done in the new expressions presented in the
tables.

Figure 5 shows the Monte Carlo data for the internal
energy of mixing for the polymer—solvent system at kT'/ ¢
= » gnd at kT/e = 3. The infinite temperature limit for
the internal energy of mixing per lattice site is just e; =
a;. The uncertainty in the simulation data is believed to
be smaller than the range spanned by the symbols. The
first-order prediction from the terms of order ¢ in Table
IV and from the first-order Guggenheim theory (GRM
theory) are both in impressive agreement with the £7/¢
= o gimulations and are substantially better than the
energetic contribution to the Flory-Huggins theory. Also
shown are the simulation data for kT /e = 3.00. No
simulation points are presented for polymer volume
fraction between 0.03 and 0.4 because the simulation
sample undergoes phase separation at this temperature.
The internal energy predicted by the Guggenehim quasi-
chemical (GQC) approximation and by the cluster theory
(LCT) to second order are also displayed in Figure 5. The
terms of order € and ¢* in the tables are found to provide
negligible contributions. (Polymer connectivity and
monomer geometry are included in the equations of the
tables only through second order in ¢.) The cluster theory
is seen to provide a better estimate of the contribution of
the higher order terms in the expansion of the internal
energy than all previous theories.

The energy of mixing for linear polymers M; = 100 with
linear solvents M, = 5 is presented in Figure 6 as a function
of temperature to illustrate the small, but nontrivial, effect
that is predicted by the lattice cluster theory and has been
ignored in Flory-Huggins and other theories. The general
trend of temperature dependence in Figure 6 is in accord
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Figure 5. Dimensionless energy of mixing AE™it/(Ne) for
solutions of linear polymers (M; = 100) in single-bead solvents
(M, = 1) as a function of polymer volume fraction. Solid symbols
are Monte Carlo results for T*% = «. Theoretical curves: (+--)
Flory-Huggins, (—) GRM,; (- - -) LCT1 (first order in ¢). Open
symbols are Monte Carlo results for T*8kT/¢ = 3. Theoretical
curves at T* = 3: (-.-) GQC; (~----) LCT2 (through second
order in ¢). (Second- and fourth-order versions of the lattice
cluster theory are not distinguishable.)
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Figure 6. Lattice cluster theory predictions for the dimensionless
energy of mixing AE®ix/(Ne) for solution of linear polymers (M,
= 100) in linear solvents (M, = 5) as a function of temperature:
(—)T*=3.0;(---) T*=3.5; (---) T* = 4.0.

with observations made for polymer blends.

Madden et al. also estimate the magnitude of the second-
order term e, by fitting simulation data near the ather-
mal limit to straight lines at several volume fractions and
by finite difference estimates at other concentrations. They
determine that the Guggenheim quasi-chemical ap-
proximation is essentially second order in this application
(higher order terms, though formally present, prove to be
negligible) and that the Pesci-Freed second-order term is
much too large and of the wrong sign. The second-order
internal energy of mixing (e = 2a;) predicted by the
equations of Table IV is compared in Figure 7 with the
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Figure 7. Second-order term e; of (4.2) as a function of polymer
volume fraction. Circles are Monte Carlo estimates based on fits
to plots of AE™in/N; vs ¢ at high temperatures. Triangles are
Monte Carlo estimates obtained from single finite differences at

high temperatures. (For more details see ref 5.) Theoretical
curves: (—) GQC; (.-+) EMF; (- --) LCT.

.................

simulation estimates and the second-order term from the
Guggenheim theory. Also shown is e; from the extended
mean-field (EMF) theory, which Madden et al. concluded
was the best available estimate for this term. The EMF
approximation is obtained from the cluster theory by
retaining only interaction lines and no correlating bonds
in the expansions of (3.3) and hence discards entirely the
chain character of the polymer. The present calcula-
tion, which includes many diagrams neglected by Pesci and
Freed, clearly gives e in best agreement with the estimates
made by the simulations.

B. Coexistence Curves. One of the most sensitive
tests of any theory of the free energy of mixing is the
determination of coexistence curves. In order to predict
these curves, the theory under consideration must
accurately describe the chemical potentials of the two
species in both phases or must make proportionate errors
in their calculations. Traditional lattice theories assume
that an intramolecular contribution can be factored out
of the partition function and that this contribution is
independent of composition.1%12 While this assumption
seems reasonable at high polymer volume fractions where
there is significant screening, it is patently untrue in dilute
and semidilute solutions. The composition dependence
of the intramolecular configurational factor is manifest in
a variety of structural properties, the crudest of which is
the radius of gyration of a single chain in the system.
Madden et al.® show that the radii of gyration of linear
polymers in a single-bead solvent exhibit measurable
variation with composition, even for polymer volume
fractions above 0.5. The traditional Flory, Huggins, and
Guggenheim theories make no allowance for the com-
positional dependence of the intramolecular structure,
while the lattice cluster theory cannot but include such
effects because it employs an exact formal expansion in
eand z"1. However, Madden et al. note that the expansions
employed by Freed and co-workers are not faithful to the
known results in certain scaling regimes, such as the se-
midilute limit (where the osmotic pressure varies as roughly
the %/, power of the volume fraction in the scaling limit23).
This failing is shared by the traditional theories, which
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Figure 8. Coexistence curve for a mixture of linear polymer (M;
= 100) and single-bead solvents (M, = 1). Circles are Monte Carlo
results. Theoretical curves: (--..-) Flory-Huggins; (- - -) GRM;
(---) GQC; (- - -) LCT1 (first order in ¢); (—) LCT2 (through
second order in ¢). The ordinate is the reduced temperature T*

= kT/e as in all the following figures, except Figure 13.

T

are all of a mean-field variety and therefore cannot describe
the long-range correlations inherent in the dilute and se-
midilute limits. However, following the arguments of
Flory? and de Gennes,?? the dominant correlations in
concentrated polymer solutions, melts, and blends are
believed to be short range in nature and therefore amenable
to mean-field treatments such as the present cluster theory.

Figure 8 presents Monte Carlo data and several lattice
theory predictions for the coexistence curves of linear
polymers in single-bead solvents. The calculations and
simulations assume that € of (2.1) is positive so that the
polymer-solvent system has an upper critical solution
temperature. A negative ¢ produces a lower critical solution
temperature. Theories containing g; for i = 2 in (3.6) lead
to some asymmetry between these two cases, but the
general behavior is quite similar. The Flory—Huggins result
in Figure 8 has an off-scale critical temperature of 4.96 and
is clearly the worst of the lot. The first-order lattice cluster
theory (LCT1 includes only ay and a;) and the first-
order Guggenheim theory (GRM) coexistence curves are
nearly identical at high polymer volume fractions but are
slightly poorer than the Flory—Huggins theory at these
higher volume fractions because the latter benefits from
a considerable cancellation of errors at such concentrations.
Both GRM and LCT1 theories give a similar critical
temperature, but the first-order cluster theory predicts a
critical volume fraction that is higher than any of the other
theories and seems inconsistent with the available
simulation data.

Also shown in Figure 8 are three coexistence curves that
include higher order temperature dependences beyond a;.
The Guggenheim quasi-chemical approximation provides
excellent predictions for polymer volume fractions higher
than 0.7, but it deteriorates somewhat at lower volume
fractions and yields a rather high critical temperature. The
figure clearly demonstrates that inclusion of the proper,
structure-dependent, second-order contribution produces
a coexistence curve having the best agreement with the
simulation data. Addition of the EMF third- and fourth-
order terms from Table IV produces a coexistence curve
(not shown) that is only very slightly different from the
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Figure 9. LCT contributions to an effective parameter x [see
(4.2)] as a function of polymer volume fraction for different chain
morphologies (see Figure 1). The polymer is of molecular weight
M, = 100 (or 101 for type ¢ chains). Each solvent is a single bead
(M, = 1), while the polymer structures are as follows: (—) polymer
type ad; (- - -) polymer type b; (- « -) polymer type c; (-« - - =) polymer
type

curve presented for the second-order cluster theory.

We also have attempted to continue the 1/2z and ¢
expansions of the cluster theory by constructing [1,0] Padé
approximants from the last two terms in the (1/2)
expansion of the individual terms in the ¢ expansion and
then constructing another [1,0] Padé from the first- and
second-order terms of the ¢ expansion of the free energy
of mixing. For polymer volume fractions above 0.55, the
resulting coexistence curve is indistinguishable from that
shown for the second-order cluster theory. It becomes
somewhat poorer at lower volume fractions and yields a
critical temperature of 3.24. For clarity, this curve is not
displayed in the figure. The insensitivity of the computed
coexistence curves to formation of Padé approximants at
higher volume fractions and the diminution of available
higher order contributions in both expansions augur well
for the practical convergence of these expansions in the
cluster theory.

C. Influence of Monomer and Solvent Structure.
One of the principal strengths of the cluster theory is its
ability to include the effects of different chain and solvent
morphologies on the free energy of mixing. In this report,
we consider the polymers and solvents based on the
structures shown in Figure 1. (A wide range of other
structures will be discussed elsewhere in applications to
polymer blends.) In Figure 1 the chain ends are capped
by a single bead. The appropriate coefficients N(i;l), etc.,
may be found in the papers by Nemirovsky et al.!5 and
Pesci and Freed.?5 In order to display the thermo-
dynamic differences more clearly, we write the free energy
of mixing as

A ot P in gyt S e (/RT (42)
ne t—e,+ o0, 2 g,(e/RT) .
NET M, T m, T

where the g, are the coefficients of a reciprocal temperature
expansion of an effective x parameter (not to be confused
with that obtained from extrapolations to zero angle of
neutron scattering data®). Figure 9 presents the g, for
chains of length 100 or 101 mixed with a single-bead
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Figure 10. Lattice cluster theory prediction of the dimensionless
energy of mixing AE™ix/(Nje) as a function of volume fraction and
of polymer and solvent structure. The polymer molecular weight
is 100. Solid curves: solvent type a, molecular weights 1-5 (top
to bottom). Dashed curve: solvent type b, molecular weight 4.
Dotted curve: solvent type ¢, molecular weight 5. All curves are
for kT/e = 3.0.

solvent. The calculations for gy show that the athermal
correction to the Flory-Huggins entropy is nearly identical
for all four chain architectures of Figure 1 at high polymer
volume fractions, but the differences become increasingly
significant in the dilute solutions limit. These differences
would be difficult to discern in a comparison of the
individual a, because those quantities vanish in either pure
substance limit.

The first-order correction, g;, behaves in a similar
fashion, with even larger differences appearing in the dilute
limit. In the pure polymer limit, g; approaches the Flory-
Huggins result of 2/2 for all architectures. [Note that the
thermal version of the cluster theory assigns an interaction
energy to every pair of adjacent beads, whether or not they
are covalently bonded. This causes a shift in the zero of
energy for the pure components, which is eliminated in
the subtractions required to construct the free energy of
mixing.] Both g and g; are positive for all compositions.
By contrast, the second-order correction, g, is everywhere
negative and vanishes in the pure-component limits.
However, for the dilute polymer limit, the slope of g; is
distinctly different for the architectures a, b, and ¢. This
is significant because the compositional derivatives of the
&r also contribute to the chemical potentials. The most
substantial differences in g; are found at intermediate
volume fractions and especially near the critical volume
fractions shown in Figure 8. Thus, the form of g; markedly
influences the calculated coexistence curve. The EMF
approximations g3 and g4 derived from the equations of
Table IV are also displayed in Figure 9. They are
independent of chain architecture and are quite small at
all compositions.

Solvent structure and size also influence the noncom-
binatorial entropy of mixing and the energy of mixing of
the polymer-solvent system. Figure 10 illustrates this
feature of the theory in Table III by presenting AE™ix for
a solution of a linear polymer with M; = 100 in a range
of linear solvents with M, = 1, ..., 5 and with a type b
solvent of My = 4. There is a rather strong dependence
on solvent size, with the energy of mixing decreasing as
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Figure 11. Second-order LCT coexistence curves for polymers
of various morphologies with single-bead solvents. The polymer
molecular weight is 100 (101 for type c chains). The curves are
labeled as follows: (—) polymer type a; (- - -) polymer type b;
(- + +) polymer type ¢; (- - ) polymer type d. The main figure is
for three dimensions (z = 6). The inset depicts the critical region

in six dimensions (z = 12).

the solvent size increases. This structure dependence does
not appear in the Flory-Huggins theory because the latter
is independent of molecular structure. While the non-
combinatorial entropy of mixing for the two geometrical
isomer solvent molecules for M, = 4 differ as expected,
there is even a slight, but perceptable, difference in the
energy of mixing in Figure 10, and the difference grows
for the geometrical isomers with M = 5.

Figure 11 shows the coexistence curves for chains with
M, =100 or 101 for polymer architectures of Figure 1 and
a single-bead solvent. The cluster theory (to order ¢2)
predicts substantially different phase envelopes. All agree
well at the highest volume fractions. The linear polymer
(Figure 1a) and the simply branched polymer (Figure 1b)
coexistence curves differ only near the critical temperature.
The similarity of the curves at high volume fractions
indicates that the three chain architectures also have
similar low-pressure melt equations of state when the
solvent molecules are regarded as vacancies and the theory
is given a lattice-fluid interpretation. The most significant
differences among the coexistence curves are the predicted
critical volume fractions and their shapes near the critical
point. There are reasons to suspect that the present cluster
theory computations may not be sufficiently adequate at
low values of z for polymers with the crowded architecture
of Figure 1¢. The structures a—c are distinguished by the
presence of beads with increasingly high valency. The
cluster expansion of the free energy contains coefficients
associated with the number of ways in which multiple
covalent bonds may simultaneously emanate from a single
bead. The linear polymer has at most two such bonds, and
their presence is reflected in the coefficients N(i,j;l). Triva-
lent structures, such as that of Figure 1b, generate a new
coefficient N(_L;l); tetravalent structures of Figure lc,
provide still another, N(+;l).

All such coefficients appear in the expansion of the
overall free energy within terms multiplied by a linear
power of the volume fractions, but such contributions do
not all persist in the free energy of mixing to the order
computed in the tables presented here. The coefficients,
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Figure 12. Critical constants for a linear polymer-single-bead
solvent system as a function of reciprocal polymer molecular
weight. Upper curves (right axis) are critical polymer volume
fractions. Lower curves (left axis) are critical reduced
temperatures. Symbols designate the second-order LCT, and the
other curve are as follows: (—) Flory-Huggins; (- - -) GRM; (- - +)
GQC. Axes are logarithmic.

however, enter again at some higher power in the
expansions in 1/z. Examination of the tables presented
here shows that the tetravalent parameter N(+;!) does not
contribute to the expressions employed in calculating the
coexistence curves. It seems at least plausible that this
important measure for the effects of the organization of
the tetravalent monomer may have substantial impact on
the predicted coexistence curve. Further evidence that
the expressions presented here are not entirely adequate
for structures of Figure 1c arises when the chain lengths
are varied. The critical composition for polymers with that
architecture does not approach zero as the chain length
is increased but instead seems to approach an unphysi-
cal limiting value of about 0.35. We attribute the error
for this structure to a premature truncation of the 1/z
expansion, which eliminates the important N(+;!l)
contributions to the chemical potentials. At higher values
of z (higher dimensionalities) the coexistence curves are
much less sensitive to the chain architectures. This is
illustrated for z = 12 (d = 6) in the inset in Figure 11.
Whether this holds true for close-packed lattices in three
dimensions remains to be seen. However, in either
situation the expansion in 271 is expected to be more rapidly
convergent for these lattices than thoseinthez =6 (d =
3) case. The additional conformational freedom in the
neighborhood of a tetracovalent bead on high z lattices
may mean that the omitted terms in N(+;l) are truly
negligible.

For the second-order cluster theory used in most of the
calculations reported here, critical compositions for the
a and b architectures properly approach zero concentration
of polymer as the chain length is increased. Curiously,
when the cluster theory is truncated at first order in ¢, the
anomalies described above for the ¢ architecture are present
for all three chain types. Presumably, there is some
cancellation of errors between the truncated 1/z expansions
of ao, a1, and ay, which eliminates the problem at second
order in «. Figure 12 shows a log-log plot of ¢ and T vs
1/M, for several approximations to the lattice model. Note
that the first-order Guggenheim theory (GRM) does not
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Figure 13. Coexistence curves for a linear polymer (M; =
100)-single-bead solvent system as functions of lattice
coordination number z. The Flory~Huggins (FH) theory
corresponds to z = ». Dashed curves: GQC. Solid curves:
second-order LCT. The LCT theory is for a simple hypercubic
lattice with dimensionality z/2. The reduced temperature is in
units of the reciprocal Flory x parameter (for this figure only).

suffer from the difficulties described for the first-order
cluster theory because it completely ignores intramolec-
ular conformational changes in dilute solution. The cluster
theory calculations exhibit kinks in the plots of the critical
constants (which are nearly imperceptible in linear plots).
The origins of these kinks are unclear, but they are
associated only with the very tops of the coexistence curves,
which are unremarkable in all other respects.

Figure 13 shows the coexistence curves for linear
polymers with single-bead solvent molecules at several
values of the coordination number, z. In order to eliminate
the dramatic effect that variation of the coordination
number has on the critical temperature, the temperature
is reported in Figure 13 as the reciprocal of the Flory-
Huggins x parameter and is smaller than the reduced
temperature used elsewhere by a factor of 2/z. The cluster
theory computations involve a summation over the first
Brillouin zone of the reciprocal lattice and thus
discriminate among various lattice geometries with the
same coordination number. The equations shown in the
tables are specifically for simple hypercubic lattices.
Hence, the cluster theory predictions for a particular value
of z are therefore to be associated with a hypercubic lattice
in a d = 2 /2 dimensional space. The Guggenheim theories
do not consider any secondary lattice structure and
therefore make no distinction between, say, a simple cubic
lattice in six dimensions and an fcc lattice in three
dimensions or between a two-dimensional square lattice
and a three-dimensional diamond lattice. In the limit of
infinite coordination number, both theories become
equivalent to the Flory—Huggins theory, which is exact in
that limit. (Thus, the extended mean-field theory at finite
z is not equivalent to taking the z = = limit. The latter
limit supresses the contributions of the higher order terms
in the ¢ expansion because of the necessary rescaling of
the temperature.)

At z = 50 the Guggenheim theory and the cluster theory
give coexistence curves that are nearly identical and that
are discernibly different from the limiting Flory-Hug-
gins curve. At z = 12, the two theories yield slightly
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Figure 14. LCT coexistence curves for linear polymer (M; =

100)-solvent systems. Molecular weights of the solvent are in

the range 1-5 (top to bottom). Solid curve: linear solvent type

a. Dashed curve: solvent type b (M; = 4). Dotted curve: solvent

type ¢ (M; = 5). See Figure 1 for the key to solvent morphologies.

different curves, while for z = 6 significant differences
(previously reported in Figure 8) are observed. The cluster
theory for z = 4 gives a very oddly shaped coexistence
curve. However, polymer—polymer correlations are thought
to be very different in two dimensions because intimate
intermixing and melt screening are no longer possible. It
is unlikely that the cluster theory is giving the correct result
in this anomalous limit, but the origins of the peculiar
shape of the coexistence curve may rest in the strange
physics of two-dimensional chains. (Recently, Binder?” has
found that the mean-field approximation is invalid for two-
dimensional polymer mixtures.) The Guggenheim theory
makes no recognition of the dimensionality of the system,
and the z = 4 predictions of that theory are probably
appropriate only for a diamond lattice in three dimensions.

Figure 14 presents the coexistence curve of a linear
polymer (M; = 100) with linear type a solvents of molecular
weights 1-5. Also shown is the coexistence curve for linear
polymers with type b solvent molecules (cf. Figure 1) of
molecular weight 4 and type ¢ solvent molecules of
molecular weight 5. The structure of the solvent appears
to have a significant impact on the shapes of the co-
existence curves. These effects are explored more fully
in Figure 15, where various combinations of solvent and
polymer architecture are considered. Again, substantial
differences are observed in the coexistence curves. In view
of the comments made earlier, the coexistence curves
produced by type ¢ architectures must be regarded as
somewhat suspect. However, the anomalies in the
molecular weight dependence of the critical volume fraction
of type ¢ chains disappear whenever the solvent is of
molecular weight 3 or larger. It may be that the terms
involving N(+;l) are somehow screened out when the
solvent is larger, but we know of no way to test this
speculation with the equations at hand.

5. Discussion

The algebraic derivation of the lattice cluster theory is
presented for the systematic computation of corrections
to the Flory-Huggins approximation for the thermo-
dynamic properties of polymer fluids. Calculations for the
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Figure 15. LCT coexistence curves for polymer-solvent systems
of various morphologies for both components (cf. Figure 1). In
the upper curves (right axis) the polymer molecular weight is 101
and the solvent molecular weight is 5. The curves correspond
to the following (- - -) [a,a] (polymer type a, solvent type a); (- - -)
[a,c]; (—) [c,a]; (-+*) [c,c]. In the lower curves (left axis) the
polymer molecular weight is 100 and the solvent molecular weight

i1s 4. The curves correspond to the following: (---) [a,a]; (- - -)
[avb]; (_) [bva]; (' . ') [byb}'

free energies of mixing for incompressible polymer-
solvent and polymer—polymer mixtures are provided as well
as those for compressible polymer melts. The calculations
for a hypercubic lattice involve a systematic expansion in
powers of 27! and of ¢/kT for the noncombinatorial free
energy of mixing, where 2 is the number of neighbors to
a lattice site and ¢/kT is the dimensionless effective van
der Waals attractive energy of (2.1). This lattice cluster
theory differs in several respects from previous theories
of polymeric fluids that are not amenable to systematic
improvement. First of all, we are able to treat the detailed
molecular structure of monomers and of solvent molecules
by permitting them to extend over several lattice sites. In
addition, there is no assumption, as made in prior theories,
that the intramolecular partition function is unchanged
as a result of mixing. In fact, we are unable to introduce
such an approximation in our systematic approach. Lastly,
the theory incorporates changes in average polymer
conformations that are induced by the van der Waals
interactions, as is evident from the explicit temperature
dependence of the entropy of mixing.

The lattice cluster theory is compared with the Monte
Carlo simulations of ref 5 for the polymer—solvent system,
and this provides a stringent test of the former because
no adjustable parameters are involved in the comparison.
Tests are applied individually for the terms in the
expansion for the energies of mixing in powers of ¢/kT as
well as for the coexistence curve. The agreement for the
leading first-order term is excellent, while that for the
second-order (¢/kT)? contributions is very good. The
leading third- and fourth-order terms are found to be
negligible for the temperatures considered, but there is
some discrepancy between the lattice cluster theory and
the simulation energy of mixing at a reduced temperature
of kT/e = 3 that we are at a loss to explain unless, for
instance the next third-order contribution is significant.
Unfortunately, the higher corrections involve very lengthy
computations that are probably beyond the capabilities
of analytical treatments and that will therefore have to
await the development of computer-assisted methods.
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Nevertheless, the lattice cluster theory and simulations
of the coexistence curve are in good agreement, provided
the full expressions from Table IV are employed. These
expressions include a compositionally dependent internal
energy, modifications of average polymer configurations
due to interactions, and alterations of the intramolecu-
lar partition function with mixing, features that are wholly
or partially absent from prior treatments. The lattice
cluster theory now unambiguously provides the best
theoretical description of the lattice model for the linear
polymer-monomeric solvent system, but very low z or very
crowded polymer and/or solvent structures may require
additional terms in the z~! expansion.

The good agreement with Monte Carlo simulations
attests to the accuracy of the lattice cluster theory, and
therefore the latter theory is used here to investigate the
role of monomer and solvent structure on the energies of
mixing and coexistence curves of the polymer-solvent
system. Strong structural dependences are exhibited, and
the energy of mixing even shows a small, but discernible,
difference between solvent molecules that are geometrical
isomers.

Our agreement with Monte Carlo calculations raises
interest in comparisons with experimental data for
concentrated polymer solutions, but at this juncture caution
is necessary because of the approximate nature of the
lattice model. First of all, our calculations treat each
linkage as completely flexible, whereas the actual polymers
and solvent molecules have bonds that are semiflexible.
The lattice cluster theory can be applied to semiflexible
bonds,?® but the computational methods have yet to be
developed enabling us to consider a comparable expansion
inz!and ¢/kT for this case. In addition, it is recognized
that, even upon introduction of structured monomers, each
lattice site is in fact occupied by a group of atoms whose
interaction energies depend intimately on the chemical
composition. Thus, for example, the backbone and side-
group units on type b chains have different interaction
energies with each other and with solvent molecules, an
unfortunate aspect of nature that may be treated within
the lattice cluster theory but only at the expense of
introducing a whole family of interaction energies. These
and other deficiencies of the lattice model, noted below,
emphasize that our calculations are to be used as a
qualitative indication of the role of molecular structure,
configuration-dependent interactions, and interaction-
dependent chain conformations, rather than as a quanti-
tative description of real polymeric fluids.

Apart from the compressible melts (the polymer-void
system), our treatment of the polymer-solvent and
polymer-polymer mixtures assumes these polymer fluids
to be incompressible. However, these systems are liquids
and therefore must be roughly as compressible as the
corresponding monomeric fluid mixtures. Thus, they must
have free volumes (modeled as voids in the lattice theory)
of the order of 10-20%, and the generalization of the lattice
cluster theory to compressible polymer-solvent and
polymer—polymer systems is currently in progress.
Unfortunately, this more realistic case leads to much
lengthier expressions than those in the tables, and there
is a separate dependence on all three interaction energies.

Aside from some known deficiencies in modeling free
volume through the use of a lattice model with voids,?®
there are other modifications of the lattice model thay may
be introduced to improve its representation of reality. First
of all, the attractive interactions ¢;; may be computed using
Lennard-Jones® or van der Waals?! interactions that are
evaluated at average interunit separations. The lattice
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constant may even be allowed to be temperature dependent
to account for some deficiencies in describing thermal
expansion solely by introducing voids.

It is useful to compare the lattice cluster approach to
complementary continuum type models of polymer melts
and blends. Recently, Schweizer and Curro® have applied
approximate, nonperturbative integral equation methods
to polymeric fluids. These methods are of interest in
ultimately providing a fully realistic description of polymer
fluids, but they have inherent limitations as does the lattice
theory. Schweizer and Curro employ models of monomers
with hard-core repulsions and Lennard-Jones attractions,
models that are extremely crude descriptions of real
monomer structures and orientation-dependent inter-
actions. It is quite unlikely that these hard-sphere Len-
nard-Jones continuum models could provide true first
principle predictions for actual polymers, such as
polystyrene, poly(ethylene oxide), etc., because of the
extreme sensitivity of polymer properties to the effective
interaction parameter ¢ of (2.1). It is also unlikely that
more complicated interaction potentials, such as those
obtained from molecular mechanics methods, are accurate
enough to evaluate the effective ¢ and hence the phase-
separation temperatures with any degree of confidence.
Thus, both the continuum and lattice approaches must
proceed as models whose full utility and potential remains
to be attained. The lattice models have an important
position in polymer theory, independent of their ultimate
faithfulness to real polymer, so advances with these
methods are of inherent interest themselves. Likewise,
the continuum methods of Curro and Schweizer represent
a natural outgrowth of simple liquid theories to polymers
that are also of interest in themselves. Both the lattice
and continuum theories have differing advantages and
disadvantages that make them somewhat complementary.

The RISM methods employed by Curro and Schweiz-
er involve uncontrolled approximations whose validity for
polymers has recently been checked by comparison with
Monte Carlo compuations,®® and the agreement is good
provided that an accurate single-chain intramolecular
structure factor, e.g., one from Monte Carlo simulations,
is introduced into the RISM method. This sensitivity of
the RISM method to the intramolecular correlation
function has led Curro and Schweizer to focus on the
importance of the correlation hole in polymer melts and
blends in apparent contradiction with the common belief,
following Flory? and de Gennes,?? that only short-range
correlations are important in these systems. However, the
total structure factors presented in ref 33 exhibit structure
only out to about the third nearest neighbors, very much
as in a fluid of small molecules. Similarly, accurate results
emerge from the lattice cluster theory only at order 22
where diagrams including up to four bonds are included.
These diagrams introduce both intra- and intermolecu-
lar short-range correlations out to distances of third nearest
neighbors, and, therefore, the accuracy requirements on
both the RISM and lattice theory appear to be quite
similar.

The lattice cluster theory has the one benefit, despite
its greater oversimplification of reality, that a single
calculation simultaneously provides expressions for the
thermodynamic properties of polymer—solvent and
polymer—polymer systems for all molecular weights,
monomer and solvent structures, and compositions,
whereas integral equation methods are inherently
numerical and require separate computer calculations for
each value of all these aparameters. Thus, the deter-
mination of coexistence curves from RISM methods would
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require large amounts of computer time, while their
derivation from the analytical expressions in the tables here
is computationally trivial. In addition, the calculations
presented here apply to polymer—solvent systems that are
currently not amenable to RISM methods because of the
inherent concentration dependence of the intramolecu-
lar polymer correlation functions in such systems. On the
other hand, the RISM methods yield structure factors that
currently cannot be obtained from the lattice cluster theory.
Continuum models provide more realistic descriptions than
do lattice models for equations of state for very short
polymers.?? However, methods have been suggested for
rectifying some of these deficiencies of lattice models,?®
and it remains to be seen whether lattice or continuum
approaches will be the most useful for treating data for
actual polymer systems. The above comparison of lattice
and continuum approaches is designed to stress the
limitations of the current theories and to emphasize the
complementary nature of these different methods.

Schweizer and Curro® note some differences between
their calculated effective interaction parameter x.f and
that obtained from the lattice theory by Pesci and Freed.
While the latter calculations are corrected in the tables
given here, several differences with Schweizer and Curro
might appear to remain. However, it must be noted that
the present tables refer to incompressible polymer-
polymer systems, while Schweizer and Curro perform
calculations for compressible polymer blends. Monte Carlo
calculations for symmetric (M; = M>) blends of lattice
polymers by Sariban and Binder3¢ appear to display a
composition-dependent x in conformity with the work of
Schweizer and Curro. A difficulty with the data of Sariban
and Binder is that x.¢r is presented only along the
coexistence curve, and thus the data applies to blends at
widely differing temperatures, a variation that could impart
the composition dependence to xg Our lattice cluster
theory for incompressible blends of very long polymers
shows the athermal limit entropy of mixing to be com-
position independent, but, as will be presented elsewhere,
that is no longer true for compressible blends. It likewise
does not apply to the hard-sphere model calculations of
Schweizer and Curro, which involve compressible blends.
Compressible blend lattice cluster theory computations
for the symmetric system of Sariban and Binder (both
species linear chains, My = My = 32, ¢;; = €30 = 1, €13 = 0)
exhibit a yes with a significant parabolic composition
dependence3® that mirrors the variation obtained in the
Monte Carlo calculations. Thus, it appears that the general
conclusions of the lattice and continuum theories coincide
with the composition dependence of xess.

Although we presently do not have the Monte Carlo
simulations that are necessary to check the accuracy of
the energies of mixing and coexistence curves for in-
compressible polymer blends, there is reason to believe that
these should be more easily describable than the polymer-
solvent case because of the lower disparity of molecular
volumes in the former than in the latter case. The polymer
blend coexistence curves are much more symmetrical than
the highly asymmetric polymer—solvent curves. Con-
sequently the chemical potentials of the coexisting
polymers are not extremely small and therefore are not
s0 sensitive to minor errors as in the polymer-solvent case.
Thus, we anticipate that our predictions in the tables
should be even more accurate for incompressible blends
than the demonstrated accuracy for polymer-solvent
systems.
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Appendix A: Interaction Energy Diagrams and
Their Evaluation

The diagrams for the partition function Z of (3.3) may
contain both correlating bonds and interaction lines. Some
of the diagrams of first order in ¢ are represented in Figure
3. Their evaluation proceeds as in previous papers,518 but
here they are evaluated without approximation for an
incompressible binary system with structured monomers
and/or solvent molecules. The derivation of the ¢ diagram
rules follows within the algebraic representation of section
3 in a fashion paralleling that presented in section 2 for
the athermal limit entropy. The major considerations are
the following: Consider first the linear term in fg, in (3.5).
Because the factor of 6(i,j+3) implies that {  j, the sum
Yisj = (1/2)2;;. The two indices i and j in this sum-
mation may either differ or coincide with any of the site
indices for the correlating bonds from contributions to the
expansion (2.11) in (2.7) and (3.3). It is, therefore,
necessary to count the number of possible ways of selecting
the sites involved in the correlating bonds and in the
interaction lines from among the monomers and solvent
molecules present in the system. This counting factor is
contained in the analogue of yp as generalized to the energy
diagrams in ref 6. Here we illustrate the counting process
for the higher order ¢ diagrams.

The extended mean-field energy diagrams through order
¢t are presented in Figure 4. These diagrams contain only
interaction lines, The subscripts designate the order in
the Mayer f function, f = exp(¢) — 1, and we consider them
for the case of a polymer-solvent system. Generalizations
to compressible blends are possible by the present methods,
but the computations are more lengthy and will be
presented elsewhere. Because the system is assumed to
be incompressible, Madden!* has demonstrated that e may
be taken to be the polymer—-polymer interaction, while the
polymer-solvent and solvent-solvent interactions vanish.
(This is because excess thermodynamic quantities for the
incompressible system depend only on the single inter-
action parameter ¢ of (2.1)). The summation indices in
(3.5) may be converted to unrestricted summations over
all lattice sites, provided that factors of 1/, are introduced
as above, that terms are included in which the same lattice
site appears in different delta factors in (3.5), and that
symmetry factors are included. For instance, the order
f? term of (3.5) may have contributions where none of the
four lattice site indices coincide or one lattice site is
common between the two & factors. These contributions
correspond, respectively, to diagrams A, and B; of Figure
4. The counting factors from the summation of (3.5) are
represented in Table V, where in diagram A, there is now
asum overi  j # I’ # j/, while in By there is a sum over
i(=j) = i’ # j. The 1/, for A; arises because of the
equivalence of the two f factors. Higher order counting
factors follow similarly.

The values of diagrams Aj, A,, and B; follow according
to the general rules for ¢ diagrams, described in refs 6 and
18, that may be read without reference to the field theory
used in those papers for the derivation of the rules given
there. The series (3.5) contains the Mayer f function of
(3.2), and these f functions are further expanded in a power
series in ¢, retaining terms through a given order. It is
possible to represent this power series expansion by the
introduction of additional diagrams such as diagram C,
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of Figure 4, which is equal to the ¢ portion arising from
the f function expansion of diagram A;. In higher orders,
it is convenient to retain the f function form, eliminate
the extra diagrams like C;, and then perform the ¢
expansion of the f functions. The resultant expressions
for diagrams Aj, Ay, and B; are presented in Table V, where
Roy’ designates the 271 portion of the contracted diagram
R3; of Table III of Nemirovsky et al.!> The q = 0 portion
from use of (2.5) in the & function of (3.5) is the sole
contribution to diagram A;, but as noted above, the q =
0 terms in higher order energy diagrams appear to cancel
order by order in ¢. Thus, the €%, ¢, and ! diagrams of
Figure 4 are evaluated by retaining the q = 0 portions only.
This makes their evaluation formally identical with that
for the entropy diagrams, except for the counting pre-
factor vp that differs for the two cases as described in ref
6 and below. The elimination of diagrams, such as diagram
Cq, and the retention only of q = 0 contributions
enormously simplifies the evaluation of the ¢ diagrams and
has aided in evaluating the higher order terms.

Diagrams Aj, By, and C; have leading contributions in
€222 that cancel among this class of diagrams, so Table V
only presents that portion of the diagram that survives after
cancellation of these terms as well as the cancellations
involved in formation of cumulants. The formation of cum-
ulants cancels all contributions from individual diagrams
that scale as higher powers than N;. Table V also omits
terms in N,° that vanish in the thermodynamic limit. The
removal of the €222 and higher order contributions involves
partial cancellation by the @ = 0 terms from A; and B; in
which one or both of the interaction lines have q = 0.
Similar cancellations occur in higher orders where all terms
in 23, 322, 424, 423, and %22 are cancelled. The algebra
is quite tedious, and a great deal of simplification is otained
by droping these terms and all g = 0 contributions from
interaction lines, whereupon the evaluation of the ¢
diagrams proceeds as readily as with the athermal limit
packing entropy diagrams.

Table V follows the notation of ref 15 in which the
diagram value Dy is written as

DB = adB (A.].)

where a depends on the number of sites, n,, in the diagram
through

a = [N(N, = D)e(N,= 0, - )] (A2)

The combinatorial factor ap of (2.13) for the ¢ diagrams
of Figure 4 is

ap = s[an(an - 1)---(an -n,- D] (A.3)

where s is the diagram symmetry factor from Table V.
Then, after all the cancellations described above, dp is equal
to f*(z/Ny)" multiplied by the contracted diagram listed
under the column dg factor in Table V.

The sum of the €2 diagrams As, By, and either C; or the
e? part of A, yields (e2/4)z¢*(1 - ¢)? in agreement with Ba-
wendi and Freed.!® The ¢ and ¢* diagrams of Figure 4 are
also evaluated in Table V, where Ray’ is the order z-2 portion
of the contracted diagram R3; from Table III of ref 15, and
R4y’ and Ry4e’ are the order z73 parts of Ry and Rge.
Reference 15 does not provide the z-2 contributions to R2,
and R4 is a new contracted diagram that is presented in
Figure 4. (The results in ref 15 are independent of these
terms.) The full expressions for these contractions are as
follows:

Ry = (N}/29[1- (38z/N) + 2(z/N)?]  (A4)
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R, =3(NP/2H[1-2" - (2%/3N)] (A.5)
R = (N}/2[1- /N)P (A.6)

In order to obtain (A.4)-(A.8), care must be taken in
evaluating contracted diagrams as follows: A constraint
2 anazas=09(d1,92+q3) requires imposition of the condition
g2 # qs3 on the sum over q2 and q3. The leading con-
tributions of order ¢* emerge from individual diagrams as
(ez)*, while the overall contributions begin as €7z, so there
is extensive cancellation of the leading portions as n
increases, a cancellation that provides a useful check on
the calculations. Fortunately, the present comparison with
Monte Carlo simulations finds these higher order ¢ terms
to be rather insignificant beyond 2.
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